The pair-production process in the presence of strong linearly polarized laser fields with a subcycle structure is considered. Laser pulses with different envelope shapes are examined by means of a nonperturbative numerical approach.
as varying parameter, while the effects of the envelope shape and CEP were not discussed. We shall study two different profiles of the type I being characterized by three independent parameters: the pulse duration, the duration of switching on and off (rapidity of the pulse switching), and CEP. It will be demonstrated that each of these parameters may have a notable impact on the patterns established previously. Besides, we examine two different profiles of type II: cos 2 and Sauter-like pulses. In this case one can separately vary the pulse duration and CEP. It will be shown that the main features of the pair-production process in the case of the type-II pulse shapes considerably differ from those for the type-I case.
In particular, the comparison of these four pulse shapes allows one to reveal several important features of the resonant Rabi pattern, momentum spectrum of particles created, and total number of pairs as a function of the laser frequency and pulse duration. Some of these properties were already discussed in the literature [16, 17] . In Ref. [17] a number of characteristic signatures in the spectrum of particles produced were found (only Gaussian envelope was analyzed). In Ref. [16] various Gaussian and super-Gaussian envelope shapes were examined. We extend these studies by providing results based on an independent numerical approach. We consider the present investigation of the pulse shape effects to be particularly comprehensive for two reasons. First, we provide the analysis of all the important characteristics of the pair-production process (listed above). Second, we study a broad class of possible pulse shapes.
The paper is organized as follows. In Sec. II we describe the temporal profiles to be analyzed.
In Secs. III and IV we discuss the pulse shape effects for type-I and type-II envelopes, respectively.
In Sec. V we present results for the total number of pairs produced for various envelope shapes, laser frequencies, and pulse durations, respectively. Sec. VI contains the analysis of the CEP effects regarding both type-I and type-II pulses. Finally, in Sec. VII we summarize our results and provide a discussion.
Relativistic units ( = 1, c = 1) together with the Heaviside charge unit (α = e 2 /4π, e < 0)
are employed throughout the paper. Accordingly, the Schwinger critical field strength is |e|E c = m 2 , one relativistic unit of length is /(mc) ≈ 3.862 × 10 −13 m, and the unit of time is /(mc 2 ) ≈ 1.288 × 10 −21 s.
II. ENVELOPE SHAPES TO BE EXAMINED
We assume that the external electric field has the following form:
where E 0 is the peak electric field strength, F (t) is a smooth envelope function (0 ≤ F (t) ≤ 1), ω is the carrier frequency, and ϕ describes CEP. First, we consider ϕ = 0 (the CEP effects will be mainly discussed in Sec. VI).
Within the present study we analyze two envelope profiles having an extended plateau region (type I) and two forms of an envelope without a plateau (type II). Namely, they have the following expressions:
The external laser pulse contains N c = ωT /(2π) cycles of the carrier. For the type-I pulses the switching part contains N s = ω∆T /π half cycles. The factors 6 and 8 in Eqs. (3) and (5), respectively, guarantee that the values of ∆T and T correspond to the duration of the switching part and the total pulse duration, respectively (in fact, they can slightly differ from 6 and 8). In order to make sure that ϕ is the only parameter responsible for the CEP effects, we always choose N c so that
. This leads to sin(ωt + ϕ)
Thus, ϕ is the carrier phase at the initial time instant t in . In fact, this specific choice of N c does not impose any significant restrictions on our computations, while the symmetry of the envelope F (t)
becomes useful for the necessary derivations. In Fig. 1(a) we display the Ia and Ib envelopes for 
In the next section the type-I envelope shapes of the external pulse will be analyzed.
III. TYPE-I ENVELOPE SHAPES
Solving the Dirac equation in the corresponding external potential on a temporal grid, we evaluate all the necessary pair-production probabilities using the formalism of the in and out complete sets of time-dependent solutions [5] (see Appendix A). All of the envelope shapes described above are analyzed with the help of the same numerical procedures.
Let us introduce a number density of electrons produced per unit volume in momentum space:
where V is the volume of the system and r = ±1 denotes the electron spin state in fact, n(p) is independent of r . First, we consider the number density of electrons created at rest n(p = 0). For the case of the type-I envelope shapes this quantity oscillates as a function of N c (see, e.g., Refs. [11] [12] [13] [14] ).
We start with the analysis of the corresponding Rabi oscillations for ξ = 1.0. As will be shown, there are several pronounced differences between the Ia and Ib pulse shapes regarding this aspect. In order to gain a better understanding of the features described above, we present the correspond- To our knowledge, the even peaks of a unit height have not been observed within the previous numerical studies. This can be explained by the charge-conjugation symmetry [14, 22] . For p = 0 the electron-positron pair must have an odd C parity and, therefore, it can be produced only via an absorption of odd number of photons (the C parity of a single photon is also odd). However, in the case of the Ia pulse shape this explanation fails. We suppose that the reason for this is that the external field is not monochromatic so it contains photons with various energy k 0 = ω. For instance, in the presence of two monochromatic fields having the frequencies ω and ω ω, m * the resonant (n + 1)-photon process which relates to nω + ω = 2m * is not prohibited for even n. Varying the frequency ω, one finds additional "even" peaks at ω n ≈ 2m * /2, 2m * /4, and so on. This issue will be discussed in more detail in Sec. VI.
B. Momentum distribution
We now turn to the discussion of the spectra of electrons created, i.e. we will consider the function n(p) for various p. In Fig. 4 the momentum distribution of electrons created is demonstrated for structure that can be accounted for by the same resonant condition 2m * = nω where m * should be replaced by the laser-dressed effective energy which now depends on p [14] . Each ring corresponds to a certain integer number n. Note that p z is the z component of the gauge invariant momentum and the center of the momentum distribution does not necessarily coincide with the origin p = 0. We point out that the general structure of the momentum distribution is the same for all type-I pulses, whereas it could be different quantitatively. The pulse shape starts to play a more important role when the number of cycles in the pulse becomes smaller. For instance, in Fig. 5 we employ N c = 2.0 and N s = 4.0.
Changing these parameters, one can produce a wide variety of distributions (for the case of a Gaussian envelope shape this was studied in Ref. [17] ).
In this section we discussed various features of the pair-creation phenomenon. However, from the experimental viewpoint the most important characteristic of the process is the total number of pairs created. This will be discussed for both type-I and type-II pulse shapes in Sec. V. 
IV. TYPE-II ENVELOPE SHAPES
In contrast to the type-I envelope pulses, the type-II shapes do not have a plateau region and, therefore, the pulse duration and the way how it is switched on/off are now related. As a result, the Rabi oscillations are strongly modified. For the case of the type-II envelopes only odd resonances appear.
In Fig. 6 the corresponding Rabi oscillations are presented for various parameters of the external laser pulse. In contrast to the case of the type-I shapes, the pair-production probability now does not reach unity and its maximal value decreases with decreasing ω (i.e., for greater n). Moreover, the maximum for the IIa shape is much larger than that for the IIb shape (e.g., for the n = 7 resonance they are 0.7977 and 0.3706, respectively). Besides, we note that the resonant Rabi frequencies in the type-II case are much smaller than those for the type-I pulses. In Fig. 6(c) we compare the Rabi oscillations for the IIa and IIb cases and display the latter rescaling the bottom axis by a factor of 2 (i.e., the label N c = 400
corresponds to N c = 800 for the red solid line). We observe that this naive transformation, motivated by the property (8), does not make the dependences in Fig. 6(c) coincide, which indicates a substantial difference between the IIa and IIb envelope shapes.
In the total number of pairs).
Again, we make the analogous comparison using smaller values of N c (see Fig. 8 ). The role of the pulse shape is crucial now. In the IIb case the pair-production probability oscillates with p z and p ⊥ much faster than in the IIa case. This indicates that the momentum spectrum of electrons created is extremely sensitive to the envelope shape so the distributions presented here and those from Ref. [17] (for the Gaussian pulse shape) are certain to significantly change if one chooses another envelope function (the CEP effects will be discussed in Sec. VI). 
V. TOTAL NUMBER OF PAIRS
In order to evaluate the total number of pairs created, one has to perform an integration over the momentum p:
where the factor 2 arises due to the spin projection degeneracy. First, we fix F (t)dt = T 0 and E 0 = 0.1E c (the value of ξ now varies) for all possible pulse shapes. In Fig. 9 we compare the total numbers of pairs for three different shapes of type I. All the curves have large leaps at ω n ≈ 2m/n which indicate the appearance of additional n-photon channels [16] . While in the region ω ≥ 2m these three curves coincide, in the plateau regions (e.g., 1.2m ≤ ω ≤ 1.9m) they are different and the total number of pairs is greater for the case of a rapid switching of the external pulse. The oscillations arise since this time we allow the sum N c + N s to be odd and, therefore, CEP has two possible values -ϕ = 0 and ϕ = π. When N s becomes larger (N s 4), these oscillations disappear. The role of CEP will be discussed in more detail in the next section.
In Fig. 10 we examine the type-II envelope shapes having the same duration T [ Fig. 10(left) ] and the same T 0 [ Fig. 10(right) ]. Since for a given T the parameter T 0 is greater for the type-I pulses (the choice of N s , i.e. ∆T , is not very important here), it is no accident that in this case the number of particles produced is larger for almost every ω [ Fig. 10(left) ]. Nevertheless, in the region 1.8m ≤ ω ≤ 3.6m we observe a quite nontrivial behavior. One may expect that these dependences calculated for a
given value of T 0 should coincide. However, according to Fig. 10(right) , the envelopes of the type I for each value of ω have much more favorable shape. This is in accordance with Ref. [16] where it was demonstrated that the "flat" super-Gaussian pulse shape is more advantageous than the Gaussian one.
In order to maximize the number of pairs created, it is more reasonable to generate a short pulse with rapid switching parts rather than a slowly varying pulse of long duration.
VI. CEP EFFECTS
In this section we perform the calculations for arbitrary ϕ. Following the same scheme, we start with the discussion of the resonant structure for ξ = 1.0. It turns out that the resonant pattern in the case of the Ib envelope shape remains the same no matter which value of CEP is chosen. Nevertheless, in the Ia case for N s 2.5 the peaks are shifted differently for different ϕ. In Fig. 11 this is depicted for ϕ = π/4 (left) and ϕ = π/2 (right). When N s becomes greater (N s 2.5), the positions of 
where the functions
represent the real and imaginary parts of the Fourier transform of the vector potential, respectively.
The function χ(k 0 ) is gauge invariant and continuous (we discard the singular contributions that arise from the nonvanishing parts outside the interval [t in , t out ]). It turns out that this function has two pronounced peaks at k 0 = ±ω and may also be large at k 0 = 0 for some special parameters of the external pulse. At other points k 0 ∈ R it is several orders of magnitude smaller. In Fig. 12 that the "zero-energy" contribution for the Ia case is much larger than that for the Ib envelope shape.
However, for several values of N s it also becomes insignificant (we observe relatively sharp minima at Another important feature relates to the momentum spectrum of electrons created. As was stated previously, the pulse shape does not play any important role when the number of cycles N c is large.
A similar conclusion can be drawn regarding CEP. However, for small N c the CEP effects can be easily revealed. In Fig. 13 we present the momentum distributions for the Ia and IIa pulse shapes with ϕ = π/2. Comparing these results with those displayed in Figs. 5 and 8, we note that CEP may substantially alter the momentum spectrum, especially, in the case of the type-II envelopes. In Ref. [17] it was shown that when the electric pulse with the Gaussian envelope is antisymmetric, i.e. it obeys 
E(−t) = −E(t)
[according to Eq. (1), it corresponds to ϕ = 0], then the pair-production probability oscillates and vanishes at its minima (it is clearly seen in Fig. 8 for the type-II pulses). When the field becomes symmetric (ϕ = π/2), these oscillations disappear [17] as can be observed in Fig. 13(right) .
However, the pulses of the type I do not possess this feature.
Finally, we note that we have not found any significant CEP effects on the total number of pairs.
Whereas this parameter may be responsible for various very interesting signatures regarding differential characteristics of the pair-production process, it appears not to have a notable impact on the total number of particles created.
VII. DISCUSSION AND CONCLUSION
Within the present study we examined four different pulse shapes for their various parameters. In order to provide a comprehensive analysis, we considered several characteristics of the pair-production process: the resonant structure, Rabi oscillations, momentum spectrum of particles created, and total number of pairs. Besides, we studied two different types of the envelope shape (two specific forms for each type) and the role of CEP, which allowed us to conduct an extensive study. We believe that the present investigation considerably expands the previous findings and further clarifies the role of the pulse shape.
Our main results can be summarized as follows:
• The resonant pattern for p = 0 strongly depends on the shape of the temporal profile. In the case of the Ib envelopes and the type-II pulses only the odd resonances occur and the resonant structure is almost independent of N s , while, in contrast to the results of previous studies, in the Ia case one can observe the even resonances and the picture is different for different N s in the region N s 2.5. Moreover, it was found that the peaks with even n disappear for a discrete set of specific values of N s that depend on CEP. This nontrivial property manifests itself due to the fact that the laser pulse is not monochromatic. The interference among modes having different frequencies could considerably change the resonant picture.
• The Rabi frequencies may be very sensitive to the pulse shape, especially, in the case of the type-II envelopes. Besides, it was found that the Rabi frequencies are much larger for the type-I case.
• The resonant structure of the momentum distribution of particles created is different for the type-I and type-II envelope shapes. Nevertheless, when the external pulse contains a large number of cycles, the distribution is almost independent of the form of the type-I switching function and of the type-II pulse shape. However, for the case of a small number of cycles all the parameters defining the pulse shape (including CEP) have a great influence on the momentum spectrum.
• The total number of pairs produced strongly depends on the envelope shape. For the type-I pulses it is much greater than for the type-II case. Envelopes with rapid switching functions are more advantageous than slowly-varying pulse profiles.
In our calculations we employed large values of ω (and, therefore, large E 0 ) for two reasons. First, this allowed us to study the resonant pattern of the n-photon peaks as well as the resonant Rabi oscillations. Second, large values of the laser frequency help one to avoid very time-consuming computations, which is particularly important for the calculations of the total number of pairs created. Although the corresponding parameters of laser fields are not currently available in the experiment, we suppose that most features revealed within the present study (listed above) are likely to be valid for weaker fields and lower frequencies as well.
In addition, we point out that the pulse shape effects may be significant in the context of dynamically assistant pair production [21] (see also Refs. [22, 23] and references therein). This was examined in Refs. [24] [25] [26] [27] . Further analysis of these effects may be a very interesting and important prospect for future studies.
Finally, one has to note that spatial variations of the external field could play a significant role [28] [29] [30] [31] [32] . Although taking them into account appears to be a very difficult task, one of the most important subjects of our future investigations is the application of the technique described in Ref. [32] to the corresponding multidimensional scenarios involving strong laser fields.
The Dirac equation in the presence of an external background reads γ µ i∂ µ − eA µ (t, x) − m Ψ(t, x) = 0.
We use the conventional substitution Ψ = γ µ i∂ µ − eA µ + m ψ which yields (see, e.g., Refs. [5, 6] )
where F µν = ∂ µ A ν − ∂ ν A µ . Within DA one can choose
Hence, Eq. (A7) takes the form
which can be reduced to a scalar equation if one represents the function ψ(t, x) as ψ n (t, x) = ψ p,s,r (t, x) = e ipx v s,r ϕ p,s,r (t),
where v s,r (s = ±1, r = ±1) are the constant orthonormal eigenvectors of the matrix γ 0 γ 3 = α 3 . The scalar function ϕ p,s,r (t) is a solution of the following equation:
By solving this ordinary differential equation, we obtain the matrix elements of the G matrices and employ Eqs. (A2) and (A3) in order to calculate the spectrum of particles produced. Since the generalized momentum is conserved, the matrices are diagonal: G( κ | ζ ) mn = δ mn g( κ | ζ ) n . Note that due to this relation, in the region t ≤ t in (t ≥ t out ) each out (in) solution with the sign ζ represents as a linear combination of the only two in (out) solutions with ζ and −ζ, respectively. The corresponding coefficients contain the necessary matrix elements and can be evaluated by using the function ϕ and its derivative at the point t = t in (t = t out ). Thus, it is not necessary to perform the integration according to Eqs. (A4) and (A5).
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